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I. INTRODUCTION
Deformed or Doubly Special Relativity (DSR) [1, 2]
can be understood as a tentative to modify Special Rela-
tivity (SR) in order to incorporate a new invariant scale
other than that provided by the speed of light c. The
idea driving this attempt is that quantum gravity effects
seems to introduce a new dimensional fundamental scale
given by the Planck length (ℓpl). This is possibly prob-
lematic for the relativity principle because the presence
of a fundamental length scale might seem naively incom-
patible with boost invariance. However other ways to
introduce such fundamental length scale could be envis-
aged which do not necessarily lead to a violation of the
equivalence of inertial observers.
Concrete realizations of these ideas in the momentum
space are known [2, 3, 4]. In particular, deformed boosts
transformations, deformed dispersion relations as well as
composition laws have been widely investigated [5]. On
the other hand, the implementation of DSR in the space-
time is a more subtle subject and it is a theme of intense
debate at present time [6].
DSR in momentum space can be intended as a de-
formation of the Poincare´ algebra in the boost sector
[2, 5, 7]. Specifically the Lorentz commutators among
rotations and boost are left unchanged but the action of
boosts on momenta is changed in a non-trivial way (see
e.g. [2]) by corrections which are suppressed by some
large quantum gravity scale κ. Most commonly such
a scale is taken to be the Planck energy, κ ∼ MP ≈
1.22× 1019 GeV.
It was soon recognized [2, 8] that such deformed boost
algebra amounts to the assertion that physical energy and
momentum of DSR can be always expressed as nonlin-
ear functions of a fictitious pseudo-momentum π, whose
components transform linearly under the action of the
Lorentz group 1. More precisely one can assume the ex-
istence of an invertible map F between two momentum
spaces: the classical space P , with coordinates πµ where
the Lorentz group acts linearly and the physical space
P , with coordinates pµ, where the Lorentz group acts
as the image of its action on P . Also, F must be such
that F : [π0, ~π] → κ for all elements on P with |~π| = ∞
and/or π0 =∞.
The main open issues in this momentum formulation of
DSR are the so called multiplicity and saturation prob-
lems. The first is related to the fact that in principle
there are many possible deformations (an infinite num-
1 Indeed this is automatically guaranteed if the realization of the
Lorentz group on the physical energy-momentum space is one-
to-one [9].
2ber, depending on the choice of an energy invariant scale,
three-momentum scale or both [7]). This seems to sug-
gest that the set of linear transformations (that is SR)
is the only one that have a physical sense (it is unique
and linear, what else can we ask for?). Moreover the
composition law for energy and momenta of DSR, being
derived by imposing a standard composition law for the
pseudo four-momenta πµ, is characterized by a saturation
at the Planck scale apparently in open contrast with the
everyday life observation of classical objects with trans-
planckian energies and momenta.
On the other hand, since DSR is not a formulation of
QG, but gives a set of transformations with the typical
QG scale, it is plausible to consider it as a low energy
limit of QG, that is, as some effective theory. Indeed
such point of view was taken in several works on the sub-
ject [9, 10, 11, 12]. We hence advocate here the point of
view that the DSR transformations (as given in momen-
tum space) are not fundamental law of transformations
among different reference frames but, following the pro-
posal of [9], effective relations taking into account the
first order corrections due to the quantum gravitational
effects.
The main purpose of this work is to show how plausi-
ble effects due to the quantum nature of the space-time,
once they are summed up, give rise to deformed disper-
sion relations of DSR-type. In order to show this, in the
next sections (II and III) we will briefly review the pro-
posal of [9] formulated in terms of the metric and the
tetrad fields. In section IV we show how does this ap-
proach works through a very simple (albeit unphysical)
example, but containing the main ideas of the proposal.
In the next section (V), we present heuristic arguments
for the outcome of the average, which will give rise to
different kinds of DSR-type modifications. Section VI
is devoted to the analysis of the operation consequences
of the framework here discussed. In the final section we
present the conclusions and also we discuss possible fur-
ther developments on this topic.
II. DSR AS AN EFFECTIVE MEASUREMENT
THEORY
Consider a four dimensional spacetime manifold with
local coordinates xµ and a differential line element
ds2 = gµνdx
µdxν , (1)
where gµν(x), is the spacetime metric.
A locally inertial frame can be defined in each point
of the spacetime through the set of four covariant vector
fields eα µ(x) (tetrads) defined through the relation
gµν = ηαβ e
β
µe
α
ν . (2)
with ηαβ =diag(−1, 1, 1, 1). The 1-forms eα = eα µdxµ,
are vectors in the cotangent space 2 transforming under
the action of the (local) Lorentz group as (eα)′ = Λα β e
β.
Any vector field V µ in the spacetime has components
V α in the local inertial frame given by
V α = eα µV
µ.
Finally, the inverse tetrad, which will be denoted by
eµ α, is defined as the solution of e
α
µ e
µ
β = δ
α
β and
satisfies
ηαβ = gµνe
µ
αe
ν
β. (3)
The use of a reference frame is crucial in order to extract,
from the abstract tensors of any relativistic theory, scalar
quantities that could be interpreted as measurement out-
comes.
In particular, in the usual theory of measurement [13],
if a particle has four-momentum πµ, its energy E and
i-th component of three-momentum pi, measured in the
reference frame {eµ α}, are given by the expression
pα = e
µ
απµ, (4)
Note that now the pα are a set of four scalars (the actual,
chart independent, measured quantities in the reference
frame represented by the tetrad).
In flat spacetime one has eµ α ≡ δµ α so that the mea-
sured energy and momentum of the particle pα, will be
identical to the components of πµ, i.e. pα ≡ πα. In a
curved spacetime, it is possible to perform the experi-
ment in a locally flat space (that is, locally inertial) or
in the accelerated frame. In any case, quantities as pα
are what we generally associate to the outcome of a mea-
sure. Reduced to the bones the proposal of [9] is that
quantum gravitational effects can affect the measurement
process and introduce Planck suppressed corrections to
the measured momenta with respect to the component of
the actual four momentum of the particle observed. In
this interpretation DSR is an effective theory taking into
account in a semiclassical limit quantum gravity correc-
tions to the process of measure. In particular one needs
to postulate that these effects act in such a way that the
relation between the measured scalars pα and the four
momentum of the particle πµ is given by a non-linear
function of the πµ and the quantum gravity scale κ
pα = Fα[πβ , κ],
= Fα[πµ eµβ , κ]. (5)
For example the DSR formulation proposed by Magueijo
2 Here the indices µ, ν, . . . are standard tensor indices, associated
with a choice of coordinates, while the indices α, β, . . . only label
different vectors in the tetrad, and have nothing to do with any
particular chart adopted.
3and Smolin (DSR2) [2]
E =
−π0
1− π0/κ , (6)
pi =
πi
1− π0/κ , (7)
in the measurement theory framework should actually be
written as [9]
pα =
πµ e
µ
α
1− πµ eµ0/κ , (8)
with E = −p0, as usual.
Moreover a measurement of the energy-momentum of
some composite object will generally depend also on
many details of the internal structure of the composite
object, its interaction with the detector, and the inter-
nal construction of the latter. Let us collectively denote
these extra variables as X , so that
pα = Fα[πµ eµβ;κ;X ]. (9)
In particular, among the additional variablesX one could
include the spatial and temporal resolution of the detec-
tor as well as the number of particles involved in the
measure. In general we shall define an ideal detector a
device which will be able to provide a measured quan-
tity which is independent of quantities intrinsic to the
detector.
It is easy to see now how, the above cited problems
of DSR in momentum space, can be understood in this
framework: the multiplicity problem will be just a man-
ifestation of the several possible measurement methods
which will in turn determine different “measurement
functions” Fα [9]; the saturation problem, conversely, can
be interpreted as a constraint only on the size of measur-
able quantum objects (given that classical objects will
never be able to probe quantum gravitational effects) [9]
or it can be even removed if the dependence of Fα on the
number of particles N for the composite objects is not
factorized out but is such that the composite measured
momenta pα saturate e.g. at Nκ rather than κ. Interest-
ingly this one of the few viable frameworks (together with
that presented in [12]) where such a dependence on the
number of particles of Fα (first postulated in [2]) would
be natural.
III. MEASURES ON A FLUCTUATING
BACKGROUND
In order to further explore the above interpretative
framework for DSR one might start from the observation
that the standard theory of measurement heavily relies
on the notion of a classical metric structure as this is the
fundamental prerequisite for introducing the tetrad vec-
tor fields via Eq. (2) which in turn characterize the local
inertial reference frames. In a full quantum gravity the-
ory these tetrad fields (or a suitable subset) are expected
to behave as quantum fields which only in some appro-
priate limit will define the corresponding classical quan-
tities. When dealing with measurements concerning par-
ticles at very high energies one may wonder if the quan-
tum nature of the gravitational background can be always
safely neglected. In particular our detectors are implic-
itly interpreting the results of their interactions with the
observed particles using the classical measurement the-
ories which is tantamount to say that when we perform
a measurement we are implicitly performing some sort
of averaging over the quantum gravitational fluctuations
in order to recover a classical background. We shall ar-
gue here that such unavoidable averaging procedure will
leave some energy dependent (and Planck suppressed)
corrections to the classical, low energy, metric and hence
to the tetrad fields. Such corrections could then lead to
Planck suppressed corrections in the measured pα scalars
defined by (9). Moreover the universal nature of gravita-
tional interactions (added to the impossibility to screen
them) leads us to conjecture that such corrections will
have a universal functional form (when using ideal detec-
tors) possibly with a dependence on the kind of particles
detected and their numbers. In this sense the source of
the non linearity in DSR is not some new dynamics for
the quantum particles of momenta πµ but a first signal
that our classical spacetime is emergent from some more
fundamental quantum theory. Let us now try to give a
more qualitative description of our ansatz.
If spacetime is an intrinsic emergent concept, the low
energy by product of some yet unknown theory of quan-
tum gravity, then at sub-Planckian energies it should
be possible to split the quantum operator describing the
spacetime causal structure G in a classical (mean field)
value g˜ plus some quantum fluctuations hˆ
Gˆµν = g˜µν + hˆµν (10)
where these fluctuations hˆµν can be intrinsic to the back-
ground metric as well as due to the presence of matter
fields, but in any case characterized by the quantum grav-
ity scale κ 3.
In performing a measurement, as in eq. (4) or (5), we
are always using a classical tetrad, and hence a classi-
cal local structure of spacetime, which will be generally
the outcome of some averaging process over the quantum
gravitational metric. In order to recover Eq. (9) we have
then to postulate that the outcome of this average should
depend on the characteristic energy of the measurement
process as well as on κ and the X variables 4. In par-
ticular we stress that even if measures are performed in
3 We stress here the strong analogy of this ansatz to those typi-
cal of the so called analog models of gravity where an emergent
geometry is observed in condensed matter systems like e.g. Bose-
Einstein condensates [14, 15] (see also [16] for an extensive review
on analog models).
4 See also [11] for a similar point of view.
4macroscopic detectors the actual measurement of a par-
ticle of some energy E requires from the point of view of
the measurement theory a characterization of the local
inertial frame and hence of the metric on scales at least
of order 1/E . Hence when performing a measurement we
always introduce a classical metric which is supposed to
hold at the microscopic scales over which the particle and
our detector interact
〈Gˆµν〉 = g˜µν + 〈hˆµν〉E,κ,X (11)
Compatibility with low energy physics will be tanta-
mount to say that the quantum fluctuations hˆµν will
average to zero when the averaging is done over scales
much larger than the Planck one. Note however that
when the averaged quantum fluctuations are non negli-
gible “we pay” the use of a classical measurement theory
with the introduction of an energy dependent “effective
classical metric”5
〈Gˆµν 〉 = g˜µν + 〈hˆµν〉E,κ,X = g˜effµν(E , κ,X) (12)
Following this idea let us then rewrite Eq. (5) as an
averaged quantity
pα = Fα[πβ , κ] = 〈πα, κ〉 = πµ〈eµ α(x)〉E,κ,X . (13)
where the last line tells again that non-linearity comes
from averaging over the gravitational degrees of freedom
weighted via the energy of the particle involved E , κ and
the variables X . It is interesting to note that now if
we want to preserve the relativity principle we not only
need to have κ as an invariant energy scale but also we
shall need to postulate that the form of the quantum
gravitational fluctuations hˆ is universal, in the sense of
being the same in any inertial system of reference.
We now need to link the averaged tetrad field in (13)
to the average of the quantum fluctuations of the metric
hˆµν . To do so we can again split a mean value detected
at very low energies (with respect to Planck) plus the
weighted average of the fluctuating part.
〈eµ α〉 = e˜µ α + e˜µ β fβ α, (14)
where fβ α, is a matrix in the tangent spacetime and
contains all the information about the average; e˜µ α is
the mean (very low energy) value of the tetrad (that in
flat spacetime has the simple form δµ α).
The inverse tetrad eβ µ, is defined as the solution of
eβ µe
µ
α = δ
β
α. However, since by hypotesis, only aver-
aged quantities are available to the observer,this defini-
tion cannot be used and the observer can only compute
〈eβ µ〉 which satisfies 〈eβ µ〉〈eµ α〉 = δβ α. It is straight-
forward to show that
〈eα µ〉 = e˜α µ − fα β e˜β µ. (15)
5 See also [17] for similar ideas about linking DSR to an energy
dependent metric structure
In order to match the averaged quantum fluctuations
〈hˆµν〉E,κ,X with the part of the tetrad dependent on f we
can just impose that
〈Gˆµν 〉 = g˜µν + 〈hˆµν〉E,κ,X = ηαβ〈eα µeβ µ〉 (16)
where we are making use of Eq. (2).
As we did for the evaluation of the inverse tetrad, here
we will assume that 〈eα µ eβ ν〉 = 〈eα µ〉〈 eβ ν〉. Then, the
correction to the metric is
〈hˆµν〉E,κ,X = −(fαβ + fβα)E,κ,X e˜α µe˜β ν , (17)
Not surprisingly in Eq. (17) the fluctuations of the metric
determine only the symmetric part of the function fαβ .
In what follows, as a simplification of the model, we shall
assume a symmetric f .
So in the end the momentum measured for a particle
propagating in spacetime can be read from Eq. (13) using
(14) and (17)
pα = πµ
(
e˜µ α − 1
2
〈hˆµ σ〉E,κ,X e˜σ α
)
,
= πµe˜
µ
α − 1
2
πτ 〈hˆτσ〉E,κ,X e˜σ α, (18)
with πτ = g˜τσπσ
6. If one considers an ideal detector
then one expects the variables X to include at most the
number of particles involved in the measurement process
and other quantities intrinsic of the observed object (not
of the detector). In what follows we shall make the sim-
plifying assumption that such an ideal detector is used
and, for the moment, we shall consider measures of a
single particle per time.
IV. A SIMPLE ANALOGY
We now try to clarify the above proposal with a sim-
ple, albeit quite unphysical, example. Let us consider
a space-time containing a particle and a Planck mass
Schwarzschild black hole. We assume that, in the frame
in which the black hole is at rest, the particle has an
energy much smaller than Planck energy and we neglect
the gravitational perturbation induced by the particle.
Clearly the particle will feel the gravitational potential of
the black hole and a global frame attached to the particle
will not be inertial. However it is of course always pos-
sible to attach to the particle a local inertial frame, and
the job is properly done through the tetrad connected to
the black hole metric.
Now let us introduce an observer in the plot and as-
sume that it is:
1. idealized: it does not disturb space-time in any way,
6 Note that all manipulations are done assuming no corrections on
g˜ because we are working only at first order.
52. coarse-grained: it cannot observe scales smaller
than some scale ≫ Planck scale,
3. not particularly clever.
Such an observer could be tempted to define, in the
frame in which the black hole is at rest, a “dispersion
relation” for a particle of massm using the Schwarzschild
metric for a Planckian black hole. In particular for a
particle located at a distance d much larger than Planck
length ℓpl from the black hole one would get
E2 − p2 ≈ m2 + 4 ℓpl
d
E2. (19)
A clever observer, even if he/she could not “see” the
black hole (coarse-grained measures), would easily infer
its presence (i.e. the fact that the spacetime is curved)
by the position and time dependence of Eq. (19); a not
so clever one would instead insist that spacetime is flat
and would attach to the particle the above non-trivial
dispersion relation.
This situation mimics to some extent that of DSR:
on one hand the dispersion relation is modified, on the
other hand frame invariance of physics is preserved. In
fact, for instance it is possible (although in general very
difficult) to find transformations that would relate the
frame in which the black hole is at rest to that in which
the particle is. An observer at rest with the particle
would in fact observe a time-varying mass related to the
time varying potential of the black hole at the particle
location. Note also that, for this last observer, there is
“new”, physics: e.g. if the particle is charged, then it will
emit photons in its “vacuum”; this “new” physics would
be, however, frame independent.
Indeed in the case of the framework we are envisaging
here the situation is worse than in this example. We don’t
have a “quantum spacetime theory of measurement” so
we are obliged to average over the gravitational fluctu-
ations and hence to deal with deformed dispersion rela-
tions similar of the form of Eq. (19).
Of course it is not possible to push the just presented
analogy too far at this stage. We can however compli-
cate it a little bit to try to better mimic the real world.
For example let us now consider a quantum mechanical
description of the particle so that it will naturally have a
“size” associated to its De Broglie wave-length λ = 1/E.
If we now assume that λ is the characteristic scale over
which the observer “measures” the particle, then he/she
will infer a dispersion relation:
E2 − p2 ≈ m2 + 4E3/κ. (20)
which is again of DSR-like form (here κ = 1/ℓpl).
As a final remark about the limits of this analogy we
can stress that a single black hole does not seem to be an
appropriate approximation for the QG vacuum; to go a
step further we have to consider some ansatz for the fluc-
tuations of the QG vacuum metric. This is beyond the
scope of the present paper and it will be better discussed
in [18]. However it would seem that, in order to preserve
frame invariance a` la DSR, the metric fluctuations have
to preserve some form of coherence in different frames. In
particular it is probable that a necessary (although pos-
sibly not sufficient) condition is that if the fluctuations
have a characteristic scale, this be the same in all frames.
V. HEURISTIC ARGUMENTS FOR THE
OUTCOME OF THE AVERAGE
In the previous section we exposed our operative
framework and linked the averaged fluctuations of the
metric to the effective (energy dependent) tetrad fields
used in the standard theory of measurement. So doing
we have seen that the application of a classical measure-
ment theory on a fluctuating background might lead to
the non-linearities characteristic of DSR theories. In this
section we shall further support our hypothesis by con-
sidering some simple heuristic arguments.
A. Dimensional arguments
Compatibility with low energy physics implies that the
corrective term f in (14), must be nearly zero when
the measurement probes/averages the spacetime over dis-
tances large enough compared with the Planck scale, but
becomes larger and larger once the distances explored
become smaller and smaller. Therefore, f must be some
power of ℓpl/d where d is the typical distance over which
the spacetime is probed/averaged.
Let us assume that the typical scale over which one
probes the spacetime is fixed by the wavelength (inverse
of the energy) of the particle detected. Then, we can
argue that f should be proportional to (E/κ)n, where
E = −π0 is again the intrinsic energy of the particle.
The tensor structure of f is what we need now. This
tensorial character can be constructed with ηαβ and
παπβ , if we insist on covariance in the tangent space.
The last option will be discarded because all the depen-
dence on momenta has been decoupled by the average.
Then, we will assume
fαβ = σ (E/κ)n ηαβ , (21)
with σ a dimensionless quantity (that can include also
a sign) of the order 1. The physical momentum can be
read now from (13) and it turn out to be
pα = πµ e
µ
α (1 + σ(E/κ)n) . (22)
This is the DSR2 relation [2] (at first order in ℓpl) if
α = 1, σ = −1. Using the fact that ηµνπµπν = µ2 is an
invariant, we find the dispersion relation
E2 − p2 = µ2 (1 + σ(E/κ)n)2 . (23)
However the above is not the most general choice, since
in principle, releasing the request of covariance in tangent
6space, we should take into account all the possible con-
tributions coming from f00, f0i, fij . But is not hard to
see that contributions from f0i can be always absorbed in
the other terms, since it is always possible to write |π| in
terms of E from the dispersion relation πµπµ = µ2. How-
ever a more general tensorial structure could be given by
f00 = σ0 (E/κ)n , fij = σ1 (E/κ)n ηij , (24)
which in this case could accommodate, as the special case
σ0 = −1, σ1 = 1/2 and n = 1, the so called DSR1 [1]
implementation of deformed special relativity.
In the above derivation we have guessed the result of
the average over quantum gravitational fluctuations on
the base of a dimensional analysis. However we shall
show in what follows that general assumptions about the
nature of such fluctuations can also lead to the same qual-
itative result.
B. Average
Let us review the average process with a little more
detail. We are interested in a definition of the right hand
of (11). We can formally rewrite the average of the fluc-
tuations of the metric as
〈hµν〉E,κ =
∫
dx
∫
DG hˆµν PE,κ(G), (25)
where hˆ is the part of the metric that fluctuates (all the
effects of quantum gravity are included here), and the
mean is performed in the space of metrics with weight
PE,κ. The integration on x takes into account these ef-
fects at some characteristic distance.
Since we do not know how to calculate the integral for
the metrics, let us write it as a general function Φµν(x),
and therefore the average has the shape
〈hˆµν〉 =
∫
dxΦµν(x, κ, E). (26)
Missing a definitive theory of quantum gravity we shall
try to see what can be said using a minimal set of as-
sumptions about the typical fluctuations of spacetime.
We want to show that under very general assumption
the above discussed average (26) will lead to a non linear
relation between measured and classical momenta.
To start with, let us make few important assumptions
about the nature of the spacetime fluctuations.
1. The spacetime is characterized by a classical back-
ground over which are imposed universal quantum,
Planck scale, fluctuations. In order to preserve the
relativity principle these fluctuations should have
the same form in any inertial system of reference.
2. The spacetime fluctuations have an average value
that tend to ±1 (in Planck units) for E → κ where
E is the energy of the probing particle. This im-
plies that in this limit one cannot recover a clas-
sical spacetime. Conversely for E ≪ κ we expect
to recover the classical metric so that the average
process should give vanishing fluctuations in this
limit.
3. Any measure done with particles of energy E probes
a large number of such Planck scale fluctuations.
This is a kind of coarse graining over a scale in-
versely proportional to 1/E .
Given the above assumptions, we can then expect that
the fluctuations are such that their average goes to zero
with some power law of N whereN = L/ℓPl = κ/E is the
number of fluctuations contained in an interval of length
L = 1/E . Henceforth
〈hˆµν〉 =
∫ 1/E
0
d4x
√−ηΦµν(x, κ) ≈ 1N 4n =
(E
κ
)4n
,
(27)
and it is easy to see that in this case the modification of
the dispersion relation (18) looks like
E2 − p2 = µ2 + p
4n+2
κ4n
, (28)
which is just (23) written in a different form.
So for n = 1/4 one gets cubic deformations. For
n = 1/2 (Poissonian fluctuations) one gets quartic defor-
mations and so on. Actually it would be interesting to
catalog which kind of fluctuations give the various plau-
sible values of n. In this way, if we shall find out that
actually some form of modified relation is realized in na-
ture, we could able to deduce which class of gravitational
fluctuations should be recovered in the low energy limit of
the full QG theory. Alternatively ruling out some specific
form of dispersion relation (within the DSR framework)
will rule out some class of fluctuations of the classical
metric. Note that in principle we could be even more
general and assume that the fluctuations are described
by some function f(N ) which goes to zero for N → ∞.
This more general formulation should allow to recover
all the possible modified dispersion relations associated
to DSR.
C. Mechanical view
An alternative approach to the evaluation of the out-
come of the averaging over the spacetime quantum fluc-
tuations is suggested by the split of the metric (10) which
we took as a basic assumption in our framework. This
splitting is in fact reminiscent of the linearized Einstein
equations and the analogy is strengthened by the fact
that we are primarily considering g˜ as the flat metric.
In this case, however, one could argue that Einstein
equations are not fundamental in the sense that they are
not valid once we approach to distances of the order of
7the Planck scale and moreover it could seem inconsistent
to apply them to a quantum object like hˆµν . In this sense
the analogy with the standard treatment of dilute Bose–
Einstein gases [15] (already stressed when we introduced
(10)) can be again illuminating. This is in fact a well
known example of an analogue model of gravity where
the background given by the condensated atoms behaves
at large scales as an effective metric for the quantum
excitations [14, 16]. Interestingly a split of a classical
part plus a quantum fluctuation like that in (10) is part
of the standard treatment of this systems.
In fact a dilute Bose gas could be described through
a quantum field Ψ̂ satisfying a non-linear Schro¨dinger
equation. Similarly to what we did for the metric, it
is possible to split the quantum field into a macroscopic
(classical) condensate and a fluctuation: Ψ̂ = ψ+ ϕ̂, with
〈Ψ̂〉 = ψ. One then obtains two equations respectively
for the classical background and its quantum excitations.
The equation for the classical wave function of the con-
densate is closed only when the back-reaction effect due
to the fluctuations are neglected.This is the approxima-
tion contemplated by the Gross–Pitaevskii equation.
The interesting point is that when the back-reaction
effects are neglected the equations for the quantum per-
turbations are formally identical to what one would have
get from considering linear perturbations of the classical
background equations (see e.g. [19]). In strict analogy
we shall here conjecture that the equations for the quan-
tum gravitational fluctuations are identical to those for
the linear perturbations of the classical metric, i.e. the
linearized Einstein equations, when their back-reaction
is negligible. In this analogy, therefore, it has sense to
consider the contribution to the flat metric of the quan-
tum fluctuations as a solution of the linearized Einstein
equations which in the Lorentz gauge take the form [20]
∂α∂
α hµν = −16πGNTµν (29)
Note also that this approach is formally similar to the
“averaged Einstein equations” introduced in order to con-
sider the inhomogeneities at cosmological level [21], but
this is just at formal level and in fact, the main departure
with this approach is the definition of the average.
At this point we must consider the two cases, namely,
presence or absence of matter. They can be interpreted
as the modifications due to the presence of matter and
modifications originated just by fluctuations of the space-
time. Let us review first the case of vacuum.
In the radiation gauge, the formal solution of the lin-
earized Einstein equations is
hµν = eµνe
ikx + e∗µνe
−ikx, (30)
where eµν is the polarization tensor and
∗ denotes the
complex conjugate (to render real the previous solu-
tion). In this coordinate system (harmonic), the relation
2kµe
µ
ν = kνe
µ
µ must be fulfilled as well as the condition
k2 = 0
Here we are interested on the result of the average
of the previous solution, and as we pointed out in the
introduction, a few physical assumptions should permit
us to give a general form for it. Firstly, we assume that
this process is ergodic so that the time dependent average
can be replaced by a mean on ensemble. On the other
hand, since the temporal part has been decoupled, the
only relevant piece of the wave number is the space-like
part, which we will assume to be of the order of 1/κ.
Note that here, we are not speaking about a wave that
propagates in a flat spacetime, instead we are talking
about the space time itself which oscillates with spatial
amplitude of the order of the invariant scale.
The average of the previous solution, therefore, will
have the shape
〈hµν〉 = γµνF [x/κ] + γ∗µνG[x/κ], (31)
where γµν is the result of the average of the polarization
tensor and F,G the results of the average of the expo-
nential functions of the solution.
Consider now the case of Eq. (29) with sources. The
formal solution of the Einstein equation is
hµν(x) = 4GN
∫
V
d3y
Tµν(y)
|x− y| , (32)
where V is the past light cone of x.
The formal average 〈·〉 of the solution is
〈hµν(x)〉 = 4GN
∫
d3y
〈
Tµν(y)
|x− y|
〉
, (33)
Note that the general solution admits another piece
which is the solution of the homogeneous equation. Ac-
cording to our interpretation, this means that the fluc-
tuations of the spacetime contributes with an additional
term (31) which in principle could be added to (33), but
which we are discarding just to simplify the analysis.
As before, the physical information will be put in this
solution through conditions on the average. A first as-
sumption will be that the average on time is equivalent to
space average over a large number of copies of the system
(ensembles). Therefore the time evolution of the system
will be be replaced by the statically description averaged
over ensembles.
A second assumption is the independence of the aver-
aged energy momentum tensor from coordinates. That
is, we will assume that 〈Tµν(x)〉 do not depend on the
coordinates. It only depends on the characteristic length
and energy of the particle which is probing the space.
With this two assumptions is clear that the correction
to the metric has the same form as the Newtonian gravi-
tational potential, but generated by 〈Tµν〉 of the particle.
That is, the correction to the flat metric has the shape
〈hµν〉 ∼ GNV 〈Tµν〉
d
, (34)
where d is the distance explored by the particle and V is
the volume occupied by the particle.
8Note that, at the end, all the content of QG effects is
now codified in the mean value of Tµν —which also could
include standard quantum mechanics fluctuations — and
since these effects are linked to the metric fluctuations,
we have to demand that a self consistence between (34)
and the definition of the average.
In order to get an explicit expression for 〈hµν〉 and de-
rive the modified dispersion relation let us build a (naive
and highly unrealistic, at this stage) model of the par-
ticle as a set of free, independent, particles of size lP
distributed on a region of the order of 1/E , then
Tµν =
∑
n
π0
(n)v(n)µ v
(n)
ν δ
3(x− x(n)), (35)
where vµ = dxµ/dt and x0 = t.
It is possible to introduce the fluctuations as a correc-
tion in the velocities due to a random walk process (see
e.g. [22]). That is, since we are considering the particle
composed by non interacting pieces with a mean size of
the order of the Planck scale, we assume that the velocity
of every piece does not depend on the other pieces and
evolves randomly. Then
〈Tµν〉 =
∑
n
π0
(n)〈v(n)µ 〉〈v(n)ν 〉δ3(x− x(n)). (36)
The effect of the average in velocities can be writ-
ten as 〈v(n)µ 〉 = v˜(n)µ + ̟(n)µ , where v˜(n)µ is the mean
value, while ̟
(n)
µ , the variance, which for example in the
random walk process considered in [22] turns out to be
̟
(n)
µ ∼ ±
√
κ/E(n)δ0µ.
Therefore, by introducing this fluctuation we find
V 〈Tµν〉 = π0
(
πµ
π0
+̟µ
)(
πν
π0
+̟ν
)
. (37)
The contribution to the metric h turns out to be
〈hµν〉 = πµπν
κ2
+
π0 π(µ̟ν)
κ2
, (38)
where we have used the approximation π0 d ∼ 1 and the
signs () around the indices mean a symmetrized sum.
The first term in the RHS of the previous equation,
gives rise to a redefinition of the mass, as is expected
from a potential that is purely Newtonian. The final
result for p is straightforward to evaluate
pα = πα
(
1− µ
2
2κ2
− π0 π ·̟
2κ2
)
−̟απ0 µ
2
2κ2
. (39)
where again µ2 = ηµνπµπν and π ·̟ = πα̟α = παe˜αµ̟µ.
Note also that energy and momenta have different cor-
rections, depending, in part, in the choice of ̟ and that
our last expression turn out to be quadratic in momenta.
Assume now, as an extra hypothesis, that the linear
term in (39) gives only the redefinition of mass µ, that
is πα̟
α = 0. Then it is possible to write ̟0 in terms
of ̟ = |̟| and π = |π| as follow ̟0 = σ̟(π/π0), with
σ ∈ [−1, 1]. Under these assumptions we obtain for the
energy and momentum
E = π0
(
1− µ
2
2κ2
)
−̟πσµ
2
2κ2
, (40)
p = π
(
1− µ
2
2κ2
)
−̟π0 µ
2
2κ2
, (41)
and the first order dispersion relation can be deduced
evaluating E2 − p2, as was done in (23)
E2 − p2 = µ2 + µ
2
κ2
̟(1 − σ)π0π +O(1/κ2). (42)
A DSR1 type of dispersion relation can be obtained
by setting ̟ proportional to p — equivalently, propor-
tional to π since we are working at first order in κ−1 —
but we also require that this term, which is a fluctuation,
must depend on κ−1. Considering that ̟ is a dimension-
less quantity, we see that, in order to obtain a DSR-like
dispersion relation, we can make the (minimal) choice
̟ ∼ p/κ ∼ π/κ.
VI. QUANTUM GRAVITY PHENOMENOLOGY
We want now to discuss the operational consequences
of the framework presented here from the point of view
of the quantum gravity phenomenology tests extensively
considered in the literature [23]. In fact it might seem
that our proposal makes DSR a by product of a di-
rect measurement which would imply that some of the
processes considered in quantum gravity phenomenology
would be unaffected.
A. Time of flight
The time of flight test of modified Lorentz symmetry is
based on the cumulative effect of the energy dependence
of the group velocity of photons in the presence of disper-
sion relations like (23). By looking at the dispersion in
the time of arrival for photons which are supposed to be
emitted simultaneously one can cast a proper bound on
the magnitude of the anomalous terms in the dispersion
relation.
It might seem at first sight that such a test is lost in
our framework as light is probed only at its arrival on
Earth and travels undisturbed on long distances. Let us
start by considering that strictly speaking a time of flight
constraint is obtained with two measurements. The first
one being the observations of a simultaneous emission the
second the detection of the upper bound on the time lag
between two photons of different energy. Normally we
replace the first measurement by a proper assumption,
based on our knowledge of the emitting object, about
the simultaneity of the emission. The second measure
will of course involve the detection of photons of compa-
rable energies, say E . Such measurement hence involves
9in our framework an extrapolation of the local metric
structure of spacetime via an average over metric fluctu-
ations on scales of order 1/E . When we do so, we can
argue that we are actually doing something more than
simply measuring the four momentum components pα of
the photons arriving on Earth. What we are implicitly
doing is also detecting the average metric that the photon
will have experienced during its travel. More correctly if
we assume that the quantum fluctuations of the metric
are universal (have the same form at any time and in any
place) then we can effectively ignore the quantum inter-
actions of gravitons with photons and simply say that
the average effect of the propagation of the photon on
a fluctuating background can be described as a photon
which has propagated classically on an energy dependent
background as determined by the measurement made on
Earth. Of course there is a caveat in this reasoning. We
know that photons are red shifted in the travel over cos-
mological distances, hence the photons strictly speaking
will not have probed the same effective metric say at the
start w.r.t. the end of their trip. In principle a correct
calculation would involve taking into account the inte-
grated effect of averaging over the quantum fluctuations
over different energies.
B. Thresholds
Thresholds interactions have also been extensively
used [23]. In this case the fact that the pα scalars are the
only relevant quantities is much more clear as any inter-
action can be though as a measurement process. More-
over it is now obvious in our framework that energy and
momentum conservation will have to be imposed on the
classical momenta πµ as these are actually involved in the
interaction. However such interaction will now take place
on an energy dependent background that will lead to a
modified kinematics for the observed momenta πα. Stud-
ies about threshold reactions in DSR have been carried
out (see e.g. [24]) and the main conclusions are that
1. Forbidden reactions like gamma decay or vacuum
threshold effect are not allowed in DSR
2. Standard threshold reactions are very mildly mod-
ified
We want however to comment about the impossibility
in our framework to allow in DSR momenta space reac-
tions usually kinematically forbidden in the “Platonic”
ones. This result is related to the fact that if energy mo-
ment conservation is not satisfied in the π variables it will
not be satisfied in the p ones 7. Moreover the possibility
7 In other words, every solution for threshold equation in the clas-
sical space (pi variables) can be mapped to the real space (p)
and since the threshold equations in the physical space are maps
e.g. of a photon decay would be automatically associated
with a preferred system of reference.
The interesting point is that if some energy could be
exchanged between the particle and the gravitational
fluctuations then this could off set the energy balance
and indeed allow for the reaction to happen even in the
π and consequently it would introduce a preferred system
of reference!
Hence it seems that a crucial requirement for our
Ansatz is that energy exchange between gravitational
and matter degrees of freedom should be absent or neg-
ligible at the energies so far tested. Probably this is the
same to say that particles should not be so high energy
that they have a back reaction on the background metric.
C. Synchrotron effect
Synchrotron radiation has also been used [25] to pro-
vide constraints. The electrons responsible for such an
emission would probe a spacetime averaged on their typ-
ical energies. We then expect them to probe similarly an
effective, energy dependent, background.
VII. CONCLUSIONS
In this paper we have explored concrete realizations
for the proposal of [9], on a new interpretation of DSR
as a new theory of the measurement. According to this
new interpretation, the measured momenta of a parti-
cle acquires corrections with respect to the actual four
momenta of the particle, due to quantum gravitational
effects. Deformed dispersion relations, as DSR ones, ap-
pear as a result of this modifications in the measurements
8.
The previous idea is implemented by assuming
• The space time emerges as a consequence of an un-
derlying quantum theory of gravity.
• Once a measurement is performed, the outcome will
be the average on the quantum gravitational struc-
ture.
• The average shall depend on the characteristic en-
ergy of the process measured, as well as on the
quantum gravity scale κ and other possible proper-
ties (detector included) which we denote by X .
• The classical structure of the spacetime is recovered
when the energies involved satisfies E ≪ κ.
from threshold equations in the classical space, it is possible to
see that every solution in the classical space is mapped one to
one to the physical space, therefore, there are no new reactions.
8 Note however that, given that we always work at first order,
we cannot reconstruct the explicit form of F and its saturation
properties
10
With this minimal set of assumptions we have showed
that for a wide range of models for the effective structure
of the underlying spacetime, dispersion relations DSR-
like can be obtained.
In all cases studied we have also assumed, as a simplic-
ity criteria, that a) detectors are ideal in the sense that
the variable X do not depend on intrinsic characteris-
tics of apparatus and b) we analyze only the one-particle
case.
The first model considered is based just on dimensional
analysis. The previous requirements enforced us to con-
sider corrections to the flat spacetime metric with the
shape (Eℓpl) and from here it is possible to show that the
relation between the measured momenta and the particle
momenta are DSR2-type. On the base of this result is
not only the dependence on (Eℓpl), the tensorial structure
of the correction — which was assumed here proportional
to ηαβ — is crucial for this result.
The natural question is if it is possible to make some
statements model independent about the result of the
average on quantum contributions. Indeed this is the
case as we have shown in section VB under just a few
assumptions. In fact it is possible to give a characteri-
zation of the average which, under our assumptions, is
strictly related with the kind of fluctuations one consid-
ers. This result suggest that it could be possible to iden-
tify a specific model of fluctuations with a specific family
of DSR dispersion relations, and then, a dispersion rela-
tion ruled out by experiments would force to discard a
specific model of quantum fluctuations for the gravita-
tional field (at least under the assumptions discussed in
this paper).
In the last model proposed, the basic assumption is
that the correction to the metric can be extracted from
the linearized Einstein equations. The main point in this
approach is that, in spite of the fact that Einstein equa-
tions cannot be assumed as fundamental at the Planck
scale, they provide a starting point to construct the per-
turbations on the metric. The additional information —
what makes this approach different from [21] — comes
from the average which, at this point, is constructed mak-
ing a few (reasonable) physical assumptions. In any case,
this can not be considered as a problem since our goal
is not to obtain a precise definition of the average from
first principles but to show how the proposal of [9] could
work.
In fact, as we pointed out in that section, the sense
of the equation (29) is not clear unless an explicit model
for fluctuations is given through, for example, a distribu-
tion function. However, what are we saying is that if we
assume an ergodic condition — which is an assumption
on the nature of these quantum fluctuations — and also
that the average gives an effective value for the energy
momentum tensor, then we can approximate the solution
of the equation by a Newtonian type potential.
In spite of the limitations of the model, we already
see how the fluctuations of the spacetime itself appear,
independently of the content of matter and all the de-
pendence on the energy of the particle that probes the
space time, comes from the definition of average. The
final result is a metric that depends on this energy.
In conclusion, these examples show a concrete imple-
mentation of the ideas of [9] with just a few assumptions
on the structure of the averages. Note however, that in
all of them, what we have had to do is to argue on the
result of the average and not on the structure itself of
the spacetime. In other words, these examples show the
compatibility of this approach with the interpretation of
DSR proposed. Explicit models of geometry fluctuations
leading to DSR will be discussed in a forthcoming paper
[18].
Finally, the phenomenological issue is addressed. Since
we have a link between DSR intended as a deformation of
the outcomes of a measurements due to quantum gravita-
tional effects, one could argue that all these modifications
arise only when a measurement is done and therefore are
extremely local and completely decoupled from the en-
tire history of the particle. We have however argued (for
example in the case of the “time of flight” observations)
that a careful analysis is needed before to draw any con-
clusion. In particular if one assumes a universal character
for the fluctuations then our assumption that the aver-
age depend on the characteristic energy of the process
— that is, the distance scale for the average is of the or-
der of 1/E — is everywhere valid. If, for the contrary, the
fluctuations are not universal, the average should contain
this information also. At the end this is then equivalent
to replace the metric of the space time with an energy
dependent metric, which plays the role of the effective
metric probed by the particle. In this sense most of the
constraints already discussed on DSR theories can be re-
covered also in our framework.
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